Introduction
Heron triangles, that is, triangles with integer edges and integer area, have been much studied. In fact a complete parametrisation has been known for centuries [9] . We note that a triangle with rational edges and area can be scaled up to one having integer edges and area so that the problem can be recast in terms of rationals instead of integers. We will call a triangle rational if all its edges have rational length.
In [4] , Buchholz has investigated a natural generalisation of Heron triangles to three dimensions. He defines a perfect pyramid (we use Heron tetrahedron) as a tetrahedron with integer edges, face areas and volume, and he has discovered an infinite family of them. As above, the search is equivalent to searching for tetrahedra with rational edges (which we call rational tetrahedra) with rational face areas and rational volume. (See Fig. 1 .) With six edges as independent variables in the volume formula, the problem is far too difficult to attack in general, so one begins by imposing restrictions on the edges in the hope of producing workable special cases. Buchholz took the approach of equating some of the edge lengths so that the tetrahedra have only one, two or three different edge lengths: Buchholz was able to completely determine when the 1-and 2-parameter cases have rational volume, but only four of the 3-parameter cases succumbed. He showed that there are infinitely many tetrahedra with rational volume for each of the configurations 3(ii), 3(vi), 3(viii) and 3(ix). Whether there are infinitely many (or even finitely many) for the other configurations was left open, although four examples of 3(v) were given. This paper aims to answer some of the questions left open by Buchholz. We show in the following sections that there are no tetrahedra with rational volume for cases 3(i), 3(iii), 3(iv) and 3(vii). We find an infinite family of tetrahedra with rational volume for case 3(v) , give a parametric description of all such tetrahedra for cases 3(ii) and 3(viii) , and show that 3(x) is not a separate case at all. We also make a more complete investigation into the Heron tetrahedra of configuration 3(vi) , and discover an infinite family of Heron tetrahedra of configuration 3(ii). In each case, this requires a search for rational points on certain elliptic curves.
For completeness, we describe here the 4-, 5-and 6-parameter configurations. They all can have rational volume. Examples are listed in Table 1 . By [6, Theorem 2], 4(i) is not Heron since one of the faces is equilateral. Heron tetrahedra with configurations 4(iv), 4(vii), 5 (ii) and 6(i) are known. An example of each is listed in Table 2 .
4-parameter
It is an open question whether any Heron tetrahedra exist with configuration 4(ii), 4(iii), 4(v), 4(vi) or 5(i).
Some history
Once a formula for the volume of a tetrahedron is known (see Eq. (3.2)), a natural step is to look for solutions, i.e., for rational tetrahedra with rational volume. With the six edges as independent variables, most authors (as Buchholz did) place restrictions on the edges in the hope of finding cases with workable volume formulae. The simplest case-a regular rational tetrahedron-does not have rational volume. However, most authors quickly discover a slightly less restrictive type of tetrahedron traditionally called isosceles. These tetrahedra have four congruent faces, and opposite edges have equal length (Buchholz's case 3(vi)). Since the four faces are congruent, they have the same perimeter and area. Brown [2] reports the surprising converse: if the four faces of a tetrahedron have the same area or the same perimeter, then the tetrahedron has configuration 3(vi). 1 In 1877, Hoppe [22] gave eight examples of Heron 3(vi) tetrahedra. Early in the 20th century, Güntsche [14] reduced the problem of finding these tetrahedra to a cubic in two variables. He did not solve the equation in general, but did find nine parametric families of solutions which we list in Appendix A. Haentzschel [19, 20] solved the equation using the Weierstrass ℘-function, and looked at one particular case in detail. Using Carmichael's parametrisation of Heron triangles [8, p. 13, Diophantine Analysis], Buchholz [4] also found an infinite family of Heron 3(vi) tetrahedra, via an elliptic curve, and we generalise his result in Section 7. A perfect cuboid is a rectangular parallelepiped with edges, face diagonals and body diagonal all integers. 2 Almost-perfect cuboids give rise to two types of rational tetrahedra: one occurring when the body diagonal is irrational (called right tetrahedra [29] ), and the other when one of the face diagonals is irrational (which we call right-faces (RF) tetrahedra). Leech [24] discusses both of these types of tetrahedra in the context of perfect cuboids. Every rational right tetrahedron (of which there are infinitely many) has rational volume and (at least) three rational face areas. However, there are no known Heron right tetrahedra.
There are infinitely many Heron RF tetrahedra. The smallest two were known to Euler [17, p. 175 3 ), and every Heron 3(ii) tetrahedron can be decomposed into four copies of a Heron RF tetrahedron. Starke [28] described the Heron 3(ii) tetrahedron (1073, 1073, 990, 1073, 1073, 896) but gave an incorrect volume which has been copied in [17, 23, 26] . The correct volume was calculated in [1] . Buchholz [4] completely described all 3(ii) tetrahedra having rational volume. We give a more satisfying parametric description in Section 6 and use this to find families of Heron 3(ii) tetrahedra.
Other rational tetrahedra with rational volume include (7, 12, 15, 12, 9, 8) [11] showed that if a tetrahedron has integer edges and integer volume, then the volume is divisible by 3. For every multiple of 3 up to 99 (except 87) they found a tetrahedron with that volume.
Güntsche appears to have been the first to describe an infinite family of Heron tetrahedra. As well as the nine 3(vi) families discussed above, he described two parametric families of Heron tetrahedra with six different edges in [13] . In 1985 a number of comments relating to Heron tetrahedra were made in [1] . In the early 1990s there was a small surge of interest in tetrahedra with integer volume, possibly prompted by problem D22 in Guy's book [16] . Kalyamanova [23] looked at a number of types of tetrahedra, most of which are also examined in Buchholz's work.
It does not seem to have been mentioned in the literature that the volume of a tetrahedron can be rational (non-integer) when the edges are all integers. This is a clear difference from the situation for Heron triangles, although we show in Section 3 that if a tetrahedron is Heron with integer edges then it has integer volume and face areas. Dove and Sumner [11] note that a mod 3 search gives (12V ) 2 ≡ 0 or 1, but they want integer volume and so they just discard the cases where (12V ) 2 ≡ 1 (mod 3). Sierpiński [26] mentions the tetrahedron (3, 3, 4, 3, 3, 4) , which has V = 8 3 , but does not comment on the fact that the volume is not an integer, and Buchholz [4] lists the tetrahedron shown in Fig. 2 Proof. The edges of a tetrahedron form three pairs (a, d), (b, e) and (c, f ). We will say that a pair is (not) divisible by 3 if both of its edges are (not) divisible by three. Examining the volume equation (3.2) modulo 3 reveals that V is rational, but not integer, exactly when two of the pairs are divisible by 3 and one pair is not.
Each face contains exactly one edge from each pair, and the arrangement of edges within a face does not change its area, so the four face area equations will look like 22 
Substituting into Eq. (3.2) we can alternatively write
The non-square component has precisely the same form as the equation we examined in Section 4.1 and found to have no solutions. 2
Case 3(iv)

Theorem 4.3. Rational tetrahedra with configuration 3(iv) do not have rational volume.
Proof. Buchholz expressed the volume formula for this case in a sum-of-squares way similar to that used to solve 3(i). We can rewrite it as
Assuming the four square terms have no common factor and considering this equation modulo 4, we see that 12V , be 2 , a(a 2 − b 2 ) and abe must all be odd. This implies that a, b and a 2 − b 2 are all odd, which is clearly not possible. 
Proof. The volume equation which requires attention is
We can assume that a, b and c are not all even. Suppose they are all odd. Then (12V ) 2 ≡ 2 (mod 4), which has no solutions. Next suppose that exactly one of the edge lengths is even, a say. Then (12V ) 2 ≡ 3 (mod 4), which also has no solutions.
Finally, suppose that exactly one of the edge lengths is odd, c say, and that 12V ∈ N. Let a = 2 α A, b = 2 β B and 12V = 2 γ v, where A, B, v are odd and α, β, γ 1 (recall from Section 3 that 12V is even). Substituting into the volume formula gives Notice that 4α + 2β > 2α + 2β > 2α for all α, β 1. So the smallest power of 2 will be either 2α, 4β or 2α = 4β. Figure 3 shows that case 3(x) is simply a mirror image of case 3(vii) with the following correspondences between the edge labelings: 3(x) . It has the same volume, the same face areas, the same edge lengths, and hence is not a new case at all.
Case 3(x)
a 3(vii) ↔ a 3(x) , b 3(vii) ↔ d 3(x) , c 3(vii) ↔ b
3-Parameter families with rational volume
Case 3(v)
The volume equation in this case reduces to
Buchholz conducted a search for integer solutions and found the following examples with integer volume: (a, b, c) = (11, 15, 16) , (16, 10, 15) , (20, 26, 39) . Notice that c = Proof. Let b = 2B, so that c = 3B, and substitute into (5.1) to get 
If any of the tetrahedra in this family are Heron, then Eq. (5.2) tells us that 15(m 2 − n 2 ) 2 − 4m 2 n 2 must be a square and hence 9(m 2 + n 2 ) 2 + 64m 2 n 2 must also be square. Concentrating on tetrahedra with gcd(a, b, 3 2 b) = 1, we must have exactly one of m, n even. Then 9(m 2 + n 2 ) 2 + 64m 2 n 2 ≡ 1 (mod 4), but 15(m 2 − n 2 ) 2 − 4m 2 n 2 ≡ 3 (mod 4). So A a,a,b is not rational for any of these tetrahedra, and hence they are not Heron.
This family does not exhaust the integer solutions to Eq. 
Case 3(viii)
In [4] Buchholz found a 2-parameter infinite family of tetrahedra with rational volume and configuration 3(viii) in the special case where a = 4d 3 . Here we are able to give a complete solution in terms of three parameters.
Theorem 5.2. A rational tetrahedron with configuration 3(viii) has rational volume exactly when
Proof. The volume of a tetrahedron with configuration 3(viii) can be determined via the equation
Rearranging and dividing by c 2 a 4 , we have
Using the chord method with initial solution (
From the first two equations of (5.4) we have
which leads to
Substituting this into
. 
Positive rational volume is enough to ensure that the tetrahedron exists. To see that this is satisfied, first notice that
Now we can ask whether there are Heron tetrahedra of this configuration. So far we have found none. This configuration has two congruent faces (d, d, a) and two other isosceles faces (a, a, c) and (d, d, c). Substituting the above parametrisation into the area formulae for these faces gives
In the equation for face (d, d, a) the only non-square term is n 2 + p 2 , and we can easily make this a square. By putting n = k 2 − l 2 , p = 2kl, we have an infinite family of tetrahedra with rational volume and a rational face area 
Looking at the last two of these equations, we use the chord method to see that (18, 35, 38) , (19, 36, 35) , (25, 24, 23) gives non-degenerate tetrahedra with all faces rational, but irrational volume.
Thus we have
There are many degenerate Heron tetrahedra with configuration 3(viii), which unfortunately only makes it impossible to use modular arguments to show that there are not any non-degenerate Heron tetrahedra. However, we make the following conjecture.
Conjecture 5.3. There are no non-degenerate Heron tetrahedra with configuration 3(viii).
Case 3(ix)
This configuration has two copies of the face (a, b, c) as well as two different isosceles faces, and the volume is given by
It is easy to show that a 3(ix) tetrahedron with rational volume has a even and b, c odd. Buchholz lists the tetrahedra with (a, b, c) = (12, 7, 11), (28, 15, 27) , (36, 19, 35) , all of which have rational volume. 3 A computer search reveals many small examples.
Working from his first example, Buchholz put a = 3(c −b) and rearranged the volume formula into the homogeneous quadratic
Solving using the chord method gave the infinite family
3 These three examples all satisfy b = a 2 + 1, c = a − 1, but they are the only examples that do. 
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Note that putting p = 4, q = −1 in the parametrisation from (a, b, c) = (12, 19, 23) gives (12, 7, 11) . However, no single parametrisation gives many small tetrahedra with rational volume. Unfortunately, we have been unable to find a general solution or a solution which does not rely on a known example.
Leaving the volume, we move our focus to the face areas. The relevant equations are
A quick search reveals tetrahedra with all face areas rational only for b = c. Case 3(ix) then reduces to Buchholz's case 2(iii) which is not Heron. Searching the infinite families above has not revealed any Heron tetrahedra, although we have not proved that there cannot be any.
Heron tetrahedra in family 3(ii)
In this case we have two pairs of congruent faces, both isosceles. Therefore it would seem likely that there is a better chance of finding Heron tetrahedra since we have only three quantities to make rational simultaneously. This is indeed the case.
Rational volume
In [4] Buchholz shows that there are infinitely many tetrahedra with rational volume and configuration 3(ii). As with case 3(viii) we are able to use a sum-of-squares approach to arrive at a complete parametric description of those tetrahedra. We then go on to look for Heron tetrahedra of this configuration.
Theorem 6.1. A rational tetrahedron with configuration 3(ii) has rational volume exactly when
Proof. The volume of a tetrahedron with configuration 3(ii) can be determined via the equation
Rearranging, we have Assuming rational volume, we now want faces with rational area to get Heron tetrahedra.
Heron 3(ii) tetrahedra-known families
As mentioned in Section 2, Heron 3(ii) tetrahedra are intimately linked to Heron RF tetrahedra. Historically, at least two parametric families of Heron RF tetrahedra are known. The first, from [1] , gives large Heron RF tetrahedra such as 
The second parametrisation of Heron RF tetrahedra, derived from [24, p. 525 ] by putting n = −(m + l) in Leech's formulae for r and t, leads to the 2-parameter infinite family of Heron 3(ii) tetrahedra with edges
with face areas
and volume
Putting m = 2, l = 1 leads to the Heron 3(ii) tetrahedron found by Starke [28] , with edges a = 1073, b = 990, e = 896. So there are infinitely many Heron 3(ii) tetrahedra. It would be nice to be able to describe all Heron 3(ii) tetrahedra, and so we move on to examining their face areas. 
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Rational face areas-using elliptic curves
Returning to the parametrisation we found for 3(ii) tetrahedra with rational volume, we want to determine the conditions on m, n, p that will ensure that the face areas are rational. For the face (a, a, e) 
Notice that this is a quartic in m:
where M = 2m. 4 
Following the transformations back, we can recover m via the formula
Since the curve and transformation are symmetrical in q, r we will take q > r. We now examine this family of elliptic curves in detail. 4 Note that Proof. In fact, we will show that 
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which both give e = 0. 2
To ensure that m is positive we are interested only in points on E q,r which satisfy x > −(q 2 − r 2 ) 2 , y > 0 or x < −(q 2 − r 2 ) 2 , y < 0. Two different infinite-order points P = (x 0 , y 0 ) and P = (x 1 , y 1 ) give the same m = m 0 when 
will give us the same tetrahedron as m 0 (it is easily checked that this satisfies the equations for e, but only because we allow for 4m 2 − (q 2 + r 2 ) 2 < 0). In terms of points on the curve, if
comes from a point P = (x 0 , y 0 ) (and hence from −P + P 2 + 2P 4 ) of infinite order, then
comes from the points −P + 2P 4 = (
) and −(−P + 2P 4 ) + P 2 + 2P 4 = P + P 2 .
Pulling all of this together we have the following result.
Theorem 6.4. Let P be a point of infinite order on E q,r , and P 2 , P 4 be generators of the torsion subgroup E q,r (Q) t ∼ = Z 2 ⊕ Z 4 . Let T P be the Heron 3(ii) tetrahedron to which P corresponds. Then exactly four points on E q,r correspond to T P , namely P , −P + P 2 + 2P 4 , P + P 2 and −P + 2P 4 . Note that if we allow b = |16mqr|, then there are exactly eight points which correspond to T P (the four listed above, and their negatives). In some ways this is nicer since it results in every point of infinite order corresponding to a Heron 3(ii) tetrahedron. If we put P = P + P 4 , then we get a new tetrahedron corresponding to the (eight) remaining linear combinations of P , P 2 and P 4 . Note also that if we do not allow 4m 2 − (q 2 + r 2 ) 2 < 0 then only two points correspond to a single tetrahedron.
Corollary 6.5. If E q,r has rank greater than zero, then E q,r (Q) generates infinitely many Heron 3(ii) tetrahedra.
We would very much like to know for which q, r the rank of E q,r is greater than zero, and also whether we can find the same tetrahedron through points on different curves. Without answers to these questions, the best we can do to describe all Heron 3(ii) tetrahedra is to give the following definition and theorem. Definition 6.6. Define the set of Heron 3(ii) tetrahedra generated by q, r to be S q,r := {T P : P is a point of infinite order on E q,r }. Note that S q,r = ∅ when the rank of E q,r is zero.
Theorem 6.7. q>r>0, (q,r)=1 S q,r is the set of all Heron 3(ii) tetrahedra.
Examples
If we put q = 4, r = 1 then we have the curve Linear combinations of these generators reveal, from points on the unbounded component of the curve with y > 0, the Heron tetrahedra shown in Table 3 .
The results of a search for other 0 < r < q < 10 which give E q,r with positive rank are listed in Table 4 , along with two of the Heron IF tetrahedra from each curve. Notice that (925, 1040, 925, 925, 1512, 925) comes from both q = 5, r = 4 and q = 7, r = 6.
Heron tetrahedra in family 3(vi)
The main positive result of [4] was the discovery of an infinite family of Heron tetrahedra. Since we require that all face areas be rational, the search becomes easier if two or more faces are congruent. Case 3(vi) yielded the fortunate situation where all four faces are congruent, and it was in this case that Buchholz found his infinite family.
Buchholz was not the first to find infinite families of Heron 3(vi) tetrahedra. In [15] , Güntsche describes (without giving the derivation) two parametric families of Heron 3(vi) tetrahedra: The derivations of these two parametrisations, along with seven other parametric solutions, described in [14] , are elementary but clever. All nine families are listed in Appendix A. 
Buchholz's theorem
A more sophisticated approach using elliptic curves was taken by Buchholz [4] to find an infinite family of Heron 3(vi) tetrahedra. We provide a slightly more straight-forward proof of his theorem, which can then be generalised so that we can analyse this case in more detail. Proof. The volume of a 3(vi) tetrahedron is given by
Using Carmichael's parametrisation of Heron triangles [8, p. 13 ] to ensure the face area is integral, we substitute a = n(
We require positive integers m, n, k, v such that
The 
Notice that (x, z) = (1, 0) is a solution of (7.3) for all y. It is also worth noting that Eq. (7.3) is symmetrical in x and y. Any Heron 3(vi) tetrahedron (a, b, c, a, b, c) will satisfy Eq. (7.3). We shall use the same example Buchholz chose (the first example in his Table 1 ) and put y = 
In Section 7.2 we use other examples to get different curves giving different infinite families. We now depart from Buchholz's original proof. If we expand the right-hand side and put x = w − 1 we have
Divide by w 4 and put u = ). Since this is not an integral point we use the Nagell-Lutz theorem [27, p. 56 ] to conclude that it is a point of infinite order, and hence that P is a point of infinite order.
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Buchholz showed that a Heron tetrahedron corresponding to a point on E 4 3 must satisfy 4 3 < x < 2. Transforming these inequalities we require 56 < X < 72, and assume Y 0 since we are only concerned with the X-coordinates of the points (X, ±Y ). We have one point in this range, which we will refer to as the strict range due to the strict conditions placed on m, n, k. The density of the rational points on an elliptic curve with rank 1 and with three rational points of order two 5 implies that there are infinitely many rational points satisfying 56 < X < 72.
Since the conditions on x come directly from conditions on m, n, k which limit solutions to a single triangle from each similarity class, we know that each of the rational points satisfying 56 < X < 72 will give a distinct tetrahedron. Hence there are infinitely many Heron 3(vi) tetrahedra. 2
We can extract the primitive triangle of each similarity class from the representative given by the strict conditions by dividing the edge lengths by g = gcd(a, b, c) . Since tetrahedra of this type are formed from four copies of one triangle, this procedure also gives us the primitive Heron 3(vi) tetrahedron.
To make it easier to find examples of tetrahedra in this infinite family, we disregard the requirement k 2 > m 2 n 2m+n (and m > n if we like since x and y are interchangeable in Eq. (7.3) ). Thus we need only find rational points on E 4 3 satisfying 0 < X < 96, which we refer to as the general range. Four points in this general range will correspond to the same tetrahedron (see Section 7.3), and this makes it easier to find tetrahedra. Calculations show that P , 3P , 5P , . . . , 19P all correspond to distinct tetrahedra (see Theorem 7.10), although only P , 7P , 13P lie in the strict range 56 < X < 72.
Note. The tetrahedron given by 3P , for example, does not correspond to a point in the strict range for E 4 3 . This tetrahedron corresponds to a rational point in the strict range on the curve E 83 841 161 83 619 373 .
More infinite families
Since (−1, 0) is a solution to (7. 3) for all y, we can find other infinite families of tetrahedra by following the same process and using the value for y from a different solution of (7.3). We could also consider E x for each initial solution by using the value for x instead of y, although the strict range would change since the condition 1 > x 2 y 2x+y is not symmetrical in x and y. 5 In fact, if the rank of E is positive then E(Q) is dense on the component(s) of E(R) which contain at least one rational point. A published proof of this accepted fact has eluded us, but [5] and [18] give two different explanations-with a bit of hand waving. Much of the content of [5] can be found in the proof of [7, Lemma 5]. Since we begin with a tetrahedron, we have at least one rational point on the curve. There exists m, n, k which satisfy the strict conditions and determine this tetrahedron. So there is a rational point in the strict range for X. In all the examples considered so far, that point has infinite order and there are infinitely many rational points in the strict range. We conjecture in Section 7.4, where we look at the general case instead of starting with a known example, that all Heron tetrahedra with edges (a, b, c, a, b, c) correspond to a point of infinite order on some E y . Table 5 lists the curves we get when we start with each of the eight examples given by Buchholz [4] and Fricke [12] . The values of m, n, k listed are those which satisfy the strict conditions. All of the curves have E y (Q) t ∼ = Z 2 ⊕ Z 2 .
The infinite families are not disjoint if we allow tetrahedra from points outside the strict range. For example, the tetrahedra with x equal to 7 5 in the above table will correspond to points on either E 4 3 or E 53 52 , as well as to points on E 7
.
Note. There is no infinite family which contains all of the eight tetrahedra listed above because they only have three possible x-and y-values each (see Section 7.3) and they do not all have a common one.
m, n, k as functions of a, b, c
Buchholz showed in [3, p. 13] how to express m, n, k as functions of a, b, c: 6) 
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where A is the area of the triangle. Since we can permute these edges in six ways ( 
For each y i equal to one of these, x i can take both of the other values. This means that if we construct the curve E y i , there will be two X-values corresponding to the two values of x i which give rational points on the curve. These X-values are non-zero since the tetrahedron is not degenerate, and hence each X gives two Y -values. In other words, each Heron tetrahedron T 0 corresponds to exactly four points on each of the three curves E y 1 , E y 3 and E y 5 . and E 29 15 . Note that these tetrahedra do not share a common curve, so no single curve can generate all Heron 3(vi) tetrahedra.
We can now argue that there are infinitely many tetrahedra corresponding to points on a curve E y 0 , with positive rank, without needing the strict range. Using the general range instead, if there is a rational point in that range (and we show in the next section that two points of order 2 lie in the general range) then the rational points are dense in that range. Taking all the rational points in that range, we can partition them into four subsets such that each contains exactly Table 6 Six ways to get m, n, k from a 0 , b 0 , c 0 one point corresponding to each tetrahedron. The four subsets are infinite and hence there are infinitely many non-similar Heron 3(vi) tetrahedra generated by E y 0 . However, it is still useful to maintain the strict range since each Heron 3(vi) tetrahedron corresponds to a unique point in the strict range of a unique curve. As a practical matter, if we have m, n, k which do not satisfy the strict conditions then we can easily construct the m, n, k which do satisfy them.
The general case
As noted in the proof of Theorem 7.1, (x, z) = (1, 0) is a solution to Eq. (7.3) for all y. So we can make similar transformations in the general case to those made for the specific example already studied.
Begin by putting y = 
To eliminate the leading coefficient, multiply by
To simplify calculations, substitute
Theorem 7.3. If a Heron 3(vi) tetrahedron corresponds to a rational point on E y then y > 1.
Proof. Since n, k > 0 we have y > 0. If y = 1 then n = k in Eq. (7.1) implies that the volume is zero, and hence the tetrahedron is degenerate. The transformation from the quartic (7.3) to E y is described by
For a rational point on the quartic to correspond to a Heron tetrahedron with a, b, c > 0, we require x > 0, x > 1 y . If we translate these conditions, we find that 2 . So rational points on E y , y > 1, which correspond to Heron tetrahedra, satisfy the general range NK( 
So rational points on E y , 0 < y < 1, which correspond to Heron tetrahedra, satisfy the general range
We can locate the points of order two on E y , (0, 0), N 2 ) . So the general range lies between the two components of the curve E y for 0 < y < 1. We therefore require N > K for the curve to produce Heron tetrahedra. 2
Not all curves E y with y > 1 will produce Heron tetrahedra. For example, E 5
and it is easy to show that points of order 2 give degenerate tetrahedra. Proof. P H is a point of infinite order in the strict range of E y which corresponds to H . Since the rational points are dense on the curve, there are infinitely many rational points in this range. Since our conditions on m, n, k ensure that the rational points in the strict range correspond to distinct similarity classes of faces of the tetrahedra, we have infinitely many distinct similarity classes of Heron tetrahedra. 2
It is worth noting here that we do not need an initial tetrahedron H to know whether an elliptic curve E y will give us an infinite family S H . If the rank is positive, and since there are three rational points of order 2, the rational points are dense everywhere on the curve, i.e., they are dense in the strict range without us needing to find a point in that range. Proof. If the rank of E N/K is zero, there can be at most finitely many tetrahedra produced by the curve, and hence we do not have an infinite family. On the other hand, if the rank is greater than zero, then the rational points are dense on both components of the curve. Exactly four of the infinitely many rational points on the bounded component correspond to any one tetrahedron (see Section 7.3). Hence the curve produces infinitely 
. In particular, we require
It is possible that P G is a point of finite order. If the rank of E N/K is zero, then we may have S N/K = ∅ or S N/K = G: G corresponds to a point P G of order 6 in the strict range of E N/K . Lemma 7.6. The torsion subgroup E y (Q) t of E y (Q) has the form Z 2 ⊕ Z 2i with i equal to either 1 or 3.
Proof. The torsion subgroup E y (Q) t contains the point at infinity, O, and the three points of order two, (0, 0), 
Rearranging Eq. (7.10) we have
∈ N. Multiplying, we have N 4 − K 4 = (XY ) 2 . Mordell shows in [25, p. 17] We note that all of the examples of Heron 3(vi) tetrahedra we have examined have torsion subgroup Z 2 ⊕ Z 2 . Proof. By Lemma 7.6, P H is either a point of infinite order or a point of order two, three or six. The points of order two give degenerate tetrahedra, so P H does not have order two. The points of order three are inflection points of E y and hence lie on the unbounded component of E y . So P H is not a point of order three. The remaining possibility is that P H is one of the four points of order six on the bounded component (see Fig. 4 ). 2
Conjecture 7.8. Every Heron 3(vi) tetrahedron H generates an infinite family S H of Heron 3(vi) tetrahedra.
Proof of some cases. By Theorem 7.7 we must show that E y (Q) contains no points of order six, or that the points of order six do not lie in the strict range.
Suppose that E y (Q) t ∼ = Z 2 ⊕ Z 6 , where y = N K and (N, K) = 1. We can label the points of finite order as the elements of Z 2 ⊕ Z 6 , as in Fig. 4 .
If P is a point of order six, then it must correspond to one of the elements [1, ±1], [1, ±2] since [0, ±1] do not give tetrahedra. Let Q = (u, v) be the point corresponding to [1, 5] . Then K 2 (K 2 − N 2 ) < u < 0 and 3Q corresponds to the element 3 [1, 5] is an infinite family of tetrahedra generated by H .
Proof. First, note that we get H from both P H and −P H since the tetrahedron is determined by x = m k , i.e., we are only concerned with the W -coordinate of points on E y , so we can restrict i to positive integers in the definition of O H without any consequence.
Now P H corresponds to a tetrahedron and must therefore be on the bounded component of the curve. The tangent at P H intersects E y a third time on the unbounded component of the curve. To find 3P H , and all other odd multiples of P H , we can join P H , on the bounded component of the curve, to an even multiple of P H , on the unbounded component. Then the third point of intersection will always be on the bounded component. Similarly, to find all even multiples of P H we join two points on the bounded component and the third point of intersection is on the unbounded component.
We have previously shown that the points corresponding to Heron tetrahedra lie on the bounded component of the curve, so iP H corresponds to a Heron tetrahedron if and only if i is odd. Since at most four of the iP H can correspond to a single tetrahedron, and there are infinitely many odd i ∈ N, O H must be infinite. 2
Examples
In Table 7 , a point in the strict range is given along with the corresponding values of m, n, k. The points of order 2 are denoted e i with X(e 1 ) < X(e 2 ) < X(e 3 ), where X(e i ) denotes the X-coordinate of e i . The edges a, b, c of the tetrahedra resulting from m, n, k are not given due to space limitations. However, they are easily calculated using Carmichael's parametrisation: a = n(m 2 + k 2 ), b = m(n 2 + k 2 ), c = (m + n)(mn − k 2 ).
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Appendix A. Parametric families of Heron 3(vi) tetrahedra
Güntsche's derivations of the following nine parametric families of Heron 3(vi) tetrahedra can be found in [14] .
( 7 5 504 − 42 √ 74 < X < 175 e 1 − P ∞1 + P ∞2 39, 35, 25 7 6 1183 − 91 √ 85 < X < 504 P ∞2 318, 175, 150 8 5 4056 − 312 √ 89 < X < 1200 e 1 + 8P ∞ (Too long to reproduce here) 9 8 2601 − 153 √ 145 < X < 1152 e 1 + P ∞1 6376, 5949, 5288 10 7 8670 − 510 √ 149 < X < 2940 e 1 + 5P ∞ (Too long to reproduce here) 10 9 3610 Interestingly, substituting appropriate p up to 20 (those p for which the edges are positive) in each of the nine parametrisations gives only one repeated tetrahedron-all the other tetrahedra obtained are distinct.
